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\ ~ Pendulum-Based System Representation
PRELUDIUM . . : .
Horizontal multi-pendulums: thin rods are rotationally connected.
e System positions: generalized coordinates (¢;) of the rods
The continuous beam is discretized:
s Repesnttion @ The whole beam is divided into n equal segments;

® A joint with rotational spring and damper is placed in the middle of each one.
® The result: n+1 pendulums, numbered from 0 to n.
@ The lengths of each: I, except for the Oth and n-th pendulums /. /2.

General boundary conditions: by attaching three springs: k, ky, and k.

® An additional longitudinal spring (kst) connected in series.
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Figure 1: Nonlinear Henckey Model: Pendulum-Based System Representation.
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. Lagrange’s equations of the second kind
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Figure 2: System of n pendulums representing the beam'’s segments.
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e Kinetic energy T of the system:

n

1 ) . :
T =23 [ mi(a3 + i)+ Bid? (2)
i=1
Govering Equstions ® Potential energy V due to rotational springs and external stiffness:
2 Zk ¢l 1 kTOtaI Uend T 5 k W end T 5 k¢¢n (3)

® The Rayleigh function R for internal damping:

2Zd ¢I 1 (4)
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Governing Equations

(T=3>L [’"i (02, + Wwg,) + Bf@?] V=330 k(g —di1)*+ 3

® Nondimensional masses and mass moments of inertia:

® The rotational stiffness of springs at each joint is:

® k. is connected in series with ks :

12/2
kst - ?a

e External forces Q; due to base excitation are:

n
Qi = F cos(Qt) Z m;j
j=1

I; ~ mi()?
m; = Ie77 B/ - 12 .
k,‘ =n, (bo =0.
ky k.
kTotal — X Rst ] 6
x PR (6)

8WCJ.

09;

Total , 2 1 2 1 2
ko Ugng + EkyWend + §k¢¢n)

(5)
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M ¢+K-(¢+dd)+N-¢ +Ks-¢=F (8)

To simplify the matrices for presentation purposes, we introduce indexing
Matrix Formulation parameters:

si =sin(¢i(t)),  sij =sin(¢i(t) — 9;(t)), (9a)

i = cos(¢i(t)),  cij = cos(oi(t) — ¢;(t)). (9b)
n—1 _ n—1 S: s

sCp = 21;21 kl ;ﬁ, SSp = Zj;; ’ 2—;;2 (9¢)
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The matrices in Eq. (8) are constructed as follows:
©® Mass matrix M: This is an n x n symmetric matrix (M = MT):

6n—7 (n—1)apo 3c1,n-3 2¢1,n—2 Cl,n—1 Cln
6n3 n3 n3 n3 n3 8n3
Matrix Formulation (nfﬁcl,Z 6n—13 o 362,,773 262,,772 2,01 .n
n3 6n3 n3 n3 n3 8n3
3c1,n—3 3c2,n—3 . 17 2Ch—3,n—2  Cn—3,n—1  Cn—3.n
n3 n3 6n3 n3 n3 8n3
2¢1,n—2 2000-2 . 26302 11 Cn—2,n—1  Cn=2,n
3 3 3 3 3 3

n n n 6n 8n
Cl,n—1 C2,n—1 . Cn—3,n—1 Cn—2,n—1 % Cn—1,n
3 3 3 3 3 3

n n 6n 8n

Cq,n (g,n L. Cn—3,n Cn—2,n Cn—1,n 1
8n3 8n3 8n3 8n3 8n3 24n3
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um NAuKi

® Linear stiffness matrix K: This is an n X n symmetric matrix:

2 -1 0 0 0 0
| -1 2 -1 0 0 0
Matrix Formulation 0 -1 2 0 0 0
K=n| : : ST : : (11)
0 0 0 2 -1 0
0 0 0 -1 2 -1
0 0 0 0 -1 2
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® Nonlinear matrix N: This is an n x n skew-symmetric matrix representing a
portion of the system’s geometric nonlinearity:

Matrix Formulation 0 m e 351,03 2s1,n—2 Sin—1 Sin
n3 n3 n3 n3 8n3
_(n=1)s12 0 o 353,n-3 253.n—2 S2,n—1 S2.n
n3 n3 n3 n3 8n3
_ 3s1,n-3 _3s2,n-3 . 0 2sp—3,n—2 Sn—3,n—1  Sn—3,n (12)
n3 n3 n3 n3 8n3
_251,n72 _252‘n72 . _25n—3,n—2 0 Sn—2,n—1 Sn—2,n
n3 n3 n3 n3 8n3
S1,n—1 S2,n—1 _ Sn—3,n—1 Sp—2,n—1 0 Sn—1,n
3 3 3 3 3
n n 8n
_Srl,,n _Sg,n . _ Sn=3;n _ Sn—=2,n _ Sn—1,n 0
8n3 8n3 8n3 8n3 8n3
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O Stiffness matrix at the boundary Kg: This matrix is obtained by summing
the products of the total horizontal, vertical, and angular stiffness matrices
with their respective stiffness coefficients (K%, K,,, Ky):

Kg = k,°'Ky + kK, + k3K, (13)

Matrix Formulation

The right boundary is physically modeled by three springs: a horizontal spring
(ky), a vertical spring (k,), and an angular spring (k,), therefore:

a 0 -+ 0 0 00 00

0 g -~ 0 0 00 00
Ky=sso| 0 & 0 0 Ko=1: 1 - o (14

0 0 1 O 00 00

0 0 0 ic 00 01

13/41



" Matrix Constructions (M-¢+K-(¢+d¢)+N-¢ +Ks-¢=F)
The total horizontal Stiffness Matrix K, incorporates both the stretching effects
and the stiffness of the horizontal boundary conditions:

um NAuKi

s1 O 0 0
5 1 0 so -~ 0 0
n_
K= (222 e N
< 2!72 SC) . . . . (15)
Matrix Formulation 0 0 et Sp—1
0 0 0 is,
ky
kx ks[
[ J
[ J
3
ky
Y]
/7777
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O External force vector F: This is an n x 1 vector representing the external

force due to base excitation:

F—Feos(@t)| (16)

Matrix Formulation

® Internal damping matrix C: The internal damping matrix is related to the
damping coefficient d and the stiffness matrix, as can be realized from

Eq. (8):
D=dK. (17)
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Building Matrices

The elements of these matrices are reformulated according to the row index

(1 <i<n), column index (1 <j < n), and the size of the matrix (n) for ease of
coding implementation, as follows:

e Fori<j&i=j.n—1

(n—J)cij
Mij=-—7—, Kiix1=-n Kiitjs1=0,

e Forj<i&i=j.nm

n3
(n—Jj)sij Total
Nij="—5 " Ky=0 Ky =0,
K¢i,j =0. (18)
MJa’ = MI,]? }(j,l = K’,J’ IVJ,I ey _NI,Ja
Total Total
Kij = Kij, K2 ji = Ks o i Kyig = Kyjio
K¢>j,i = K¢i,j' (19)
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\ Building Matrices
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e Fori=j&i=1.n-1

ENTRUM NAUKI

6n—6i —1
M i = T Kii=2n, N;;=0,
2n—1
KXTOta/i,i =5 < 2 - 5Cn> ) Ky,',,' = CjSSp,
n—1i)c
Building Matrices K¢i,i — 0, FI,]_ — (n2), (20)
® Fori=j=m
1
Mppn = m; Kn,n n, N N 07
1 2n—1 1
KXTOtaln,n — 550 < o sc,,> , K)’n,n EC"SSn’
C
K¢n,n = K¢’ F"vl = 8,;72 (21)
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¢ Focus: C-C (Clamped-Clamped) and C-F (Clamped-Free) beams.

® Define variables: Position s, time 7, horizontal displacement U, vertical
displacement W.

® |ntroduced non-dimensional variables:

M NAUK

U w s T T [ ptpwpl*
u—= — w = - X = — s = -, — - -
I’ / / T El
w(x) \
Fcos(Q 1) ~<'w\
Euler-By lli Problem _;_ti_ J i_/_l
Overview Y 15
—— v F—x
Clamped-Free (C-F) beam !
| M :
! 1 W \M
: = —

Figure 3: Physical models of the C-F and C-C beam systems
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Shortened-beam Boundaries (C-F): One edge free for sliding, inextensional.
e=0 = (1+Jd)P+(W)=1, (22)
PDEsy, = w + w'™ + dw(") 4+ (w'w" + w"w?) — Fcos(Qt) =0  (23)
Stretched-beam Boundaries (C-C): Both ends fixed; longitudinal strain.

1
e#0 = e:u'+§(w’)2 (24)
. . 1 x 7
PDEs; = w + w" + dw" + [w'w"w""]" — EW/ (/ w'? dx> =0 (25)
0
s Jex k=0 => (:I => Shortening
/

N\

Beam o'—VW-I:E 0<ky<oco=>?
@ e ®
ky=c0 E>m:E => Stretching

Figure 4: Configuration example of Partly-Shortened or Partly-stretched beam boundaries

\
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'\ Solving PDEs via Galerkin method
:
= ai(t)i(x), (26)

i=1
Yi(x) = Aj cosh(y/wix) + Az sinh(y/w;x) + Az sin(y/wix) + Ag cos(y/w;x). (27)

w(x, t) becomes after normalizing the shape:

Z 3" )y (x), (28)
Substituting into the PDEs:
@ For shortened-beam:
e s ODE; = /O 1w,-”“”‘(x) PDEsy, dx. (29)
® For stretched-beam:
ODE; = /0 1 "™ (x) PDEs; dx. (30)
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System PropertieS

PRELUDIUM . . .. . .
eramees  For validation, We selected a sample system similar to a widely available steel

ruler beam, ensuring accessibility for future experimental investigations.

Table 1: Geometrical and mechanical properties of the considered system

I (cm) w(cm) tp (cm) E (GPa) pp (kg/m3) d
50 2.6 0.8 200 7850 0.002

Table 2: Abbreviations

Abbreviation | Description
LEB Linear Euler-Bernoulli model discretized via
Results Galerkin method
NEB Nonlinear Euler-Bernoulli model discretized via
Galerkin method
NH Nonlinear Hencky beam Model method
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Validation Results: Static Analysis of Time History (n=25)
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Figure 5. Comparison of NH with 26 elements (n = 25), LEB, and NEB with 3 modes
(Np = 3): Static time history analysis (2 = 0) subjected to a force of F = 1.6.
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. Validation Results: Static Analysis of deflection (n=25)
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0 0.2 04 0‘6 0‘8 1 0 0.2 0.4 0.6 0.8 1
T, To; T, To;
(a) C-F beam at t = 700. (b) C-C beam at t = 25.
Results . . . H
' Figure 6: Comparison of NH with 26 elements (n = 25), LEB, and NEB with 3 modes

(Nm = 3): Static deflection (Q = 0) after stabilization subjected to a force of F = 1.6.
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003

(n=25)

5 x10° .
.
. . 0.02 3 ﬂ
‘ ' < 001 E; 2 |
Ei‘ 0 g 0
S 3 001 A
u S -2
-0.02 @
4
-0.03 - -5
0 100 200 300 400 500 600 700 0 5 10 15 20 25
Evler t t
endiions i PDE (a) C-F Beam (Endpoint) subjected to a (b) C-C Beam (Midpoint) subjected to a
force of F =0.08 from t =0 to t = 700.

e force of F = 0.0016 from t = 0 to t = 25.

Figure 7: Comparison of NH with 26 elements (n = 25), LEB, and NEB with 3 modes
(N = 3): Time History Analysis Near the First Resonance Frequency (2 = w1).
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Validation Results: Dynamic Analysis of Time History

VAl

s x10°

/5

w (05) s WOmiddle

t

Figure 8: Comparison of NH with 52 elements (n=51), LEB, and NEB with 3 modes
(N, = 3): Time History Analysis near the first resonance frequency Q = w; for a C-C
beam (midpoint) subjected to a force of F = 0.08 from t =0 to t = 700.
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", Validation Results: Frequency Response Analysis (n=25)

PRELUDIUM
No. 2023/49/N/ST8/00823
5 x10°

w(0.5), Womiddie

1
21 215 2 25 23
Q

Q
(a) C-F beam (endpoint) subjected to a (b) C-C beam (midpoint) subjected to a
force of F = 0.0016. force of F = 0.08.

Results
Figure 9: Comparison of NH with 26 elements (n = 25), LEB, and NEB with 3 modes
(N = 3): Frequency Response Analysis near the first resonance frequency (Q ~ wy).
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: Validation Results: Frequency Response Analysis (n=51)
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Results

Figure 10: Comparison of NH with 52 elements (n = 51), LEB, and NEB with 3 modes
(Nm = 3): Frequency Response Analysis near the first resonance frequency (Q ~ w;) for
C-C beam (midpoint) subjected to a force of F = 0.08.
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et | his section explores a configuration where the horizontal spring stiffness ky is

finite, making the system neither fully free nor clamped.

0.9962
1 =0.99886
end + UOend =0-9996

Wo;

6‘ i 0.2 04 06 0.8 1
To; T Uoi

Results

Static deflection after stabilization (2 =0,
F =1.6, t =700) for varying kx. Increasing k
reduces static deflection.

Applications: Nonlinear analysis for large deflections and certain supports

/ ®
Y, Beam O @

@
/

Schematic of a clamped-free beam with a spring
(kx) at the free end.

Figure 11: Effect of spring stiffness k, on beam behavior.
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Dynamic response: Influence of k,

10

20

30

Q

40

L T

Em

Frequency response for 0 < Q < 45 and varying kx. First and second resonances both shift rightward and
reduce in magnitude as ky increases.
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Zoom: First resonance region
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Frequency response near first resonance (0 < Q < 10). Hardening behavior increases with k.
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Zoom: Second resonance region
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ky = 10%
Results 0 L | L L L
21 21.5 22 225 23 23.5 24

Q

Frequency response near second resonance (21 < Q < 24). Behavior shifts from softening (kx < 100) to

hardening (kx > 100).
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\ Cantilever response: First resonance
Nayfeh and Pai confirm these findings in their study of the nonlinear behavior of

cantilever beams. They discovered that this nonlinear behavior arises from a
combination of hardening and softening effects. The overall nonlinear response
depends on the balance between these two effects. Specifically, the first resonance
mode demonstrates hardening,

0.8

«  Cantilever (k, = 0)

0.7

06 [

o
o

WO end
o
=

Results

345 35 3.55 36

Frequency response near w; = 3.52 with F = 0.08 for cantilever (kx = 0). Hardening behavior is evidelgji./41



Cantilever response: Second resonance

PRELUDIUM . " .
eeEred | whereas higher modes tend to exhibit softening [3].

0.036 T T T T T
- Cantilever (k, = 0)

Dol Bl 0.034 -
0.032
0.03

. 0.028

latrix Formulation

0.026

WOend

0.024

0.022

0.02

0.018

0.016 - . - -
Results 20 20.5 21 215 22 225 23

Frequency response near wy = 22.03 with F = 1.6 for cantilever (kx = 0). Clear softening behavior
observed.
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\ _ Conclusion
PRELUDIUM . . . . ,
® Validation using the Galerkin method confirmed that Hencky's models are

effective for both cantilever and clamped-clamped beams.
® Hencky's models overcome the limitations of the nonlinear Euler-Bernoulli:
@ The Euler-Bernoulli model only applies to small deflections, while Hencky's
models handle both small and large deflections.
@ The Euler-Bernoulli model struggles with partially shortened or stretched
boundaries, but Hencky's models do not have these boundary restrictions.
Future Research:
® Despite the complexity, Hencky's models can be applied to nonlinear dynamic
studies of beams with partially shortened or stretched boundaries.

kx ky=0 => D =>> Shortening

S ""V\MS O<k<comd P
” ®
k=00 @@. = Stretching
Conclusion @

® Explore nonlinear behaviors in beams with varying boundary conditions, such
as different slope angles.

N\

\

N\
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