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Introduction

+» Analytical solutions are powerful tools in various fields of science and engineering, allowing researchers to obtain
explicit mathematical expressions that describe the behavior of complex systems. However, there are situations
where traditional analytical methods may fail to capture the intricacies of a system accurately. This is particularly
true when dealing with systems that exhibit complex nonlinear features, where phenomena occur at significantly
different spatial or temporal scales.
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* To overcome this challenge, multiple scale technigues are employed to develop analytical solutions that account
for the interactions and dynamics occurring across different scales. These techniques aim to capture the essential
features of the system by breaking it down into different levels of detail and deriving approximate solutions for
each scale. By integrating these solutions, a comprehensive description of the system's behavior can be obtained.

¢ Multiple scale techniques often involve the application of perturbation theory, which assumes that the system can
be expressed as a small perturbation from a simpler, well-understood base state. Perturbation methods, such as the
method of matched asymptotic expansions, homogenization, or averaging, are then employed to derive solutions
that incorporate the effects of both the dominant scales and the perturbations.
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Introduction
Approximate solutions finding techniques

1. Pertubation method

2. Variation of parameters

3. Homotopy analysis method (HAM)
4. Numerical method

5. Approximation Techniques

= Adomian decomposition method
= variational iteration method, and

= multiple scale method
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Why is the analytical solution of
these equations significant?

1. Insight and Understanding
2. Efficiency and Accuracy
3. Model Validation

4. Design and Optimization
5. Theoretical Advancements
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The multiple scale technique Process

2
1. Start with the second-order nonlinear ODE in standard form: % + &f (t, y, %) =0 Q)

2. Assume a solution of the form: y(t) = yo(t) + €y, (t) + €2y, (t) + - -+ (2)
3. Substitute the assumed solution into the ODE and collect terms according to powers

of &. Equate each term to zero to obtain a series of equations at different orders of &.

4. At the leading order (£°), we will obtain a linear homogeneous ODE:

d*y dy

Solve this equation to find the leading-order solution yq(t).
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5. At the first order (1), we will obtain a linear inhomogeneous ODE:

dzyl + [ (t Yo, " )}’1 + [an (t Yo, dyo) =0 e ()

Solve this equation to find the first-order correction y4 (t).

6. Continue this process for higher orders of £ if necessary.

7. The final approximate solution will be the sum of the leading-order solution

and all the corrections:  y(t) = yo(t) + €y, (t) + €2y, (t) + - -+ (5)

we can truncate the series at any desired order based on the accuracy required.

8. Solve for the coefficients in each correction term by using appropriate boundary

or initial conditions, depending on the problem’s nature. ;
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The variable-length pendulum system/Swinging Atwood's Machine (SAM)

m

Fig.1 The swinging Atwood machine
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Final dimensionless form
o1 + oox(7T) + 4::r3.,¢5_(*r)2 + 041 (T) + o5x(T)P(T)+
o6 (7)? + orx(T)p(7)? + %(7) = 0,

C1p(T) — Cap(7)3 + Cax(T) + Cad(T)x(T) + P(7)+ - (9)
Csx(T)p(T) = 0.

Multiple scale approach technique

The analysis focused on a localized region near the system’s static equilibrium. A small parameter
represented as 0 < € «< 1 is introduced to characterize the amplitudes of the oscillations within this
region.

This parameter allows us to establish the following relationship:

x(t)=ca(r:¢e), ¢1(7)=¢ev(7:¢) - (10)
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Multiple scale approach technique

This allows us to consider the following approximation:

x(T) — Ex (TClaTl)a (;b(’?_) — &7 (TﬂaTl)a

x(7) = ea’ (70, 71) , P(7) = e (70, 71) ,

j{:(?—) — ECE” (TDa Tl) ? (;b(’?_) — Er}fﬁ (TD:' Tl) vl .”(11)
T = 70, 91 — %01, 0'425154; o7 = & ‘or,

(a2 = e 'Ca, ¢33 = =C3, ¢ = £9¢5.
The time-dependent variable y(t) and ¢ () can be considered as a power series of €

x (1) = S *x, &k (70, 1) + O ()

=i -+ (12)
2
P (1) = > Xk (10, 1) + O (£F) .
k=—1

The time scales are represented by 7,, = ¢t (n = 0,1), 1, — faster; t; — slowest
10
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Multiple scale approach technique
To convert derivatives with respect to t to the new time scales z,,, the following operators are employed:

d 0, 0 & 0

-
Lo
fat

dTr _5T[} org dr? d’rn ()T[}()Tl

+0 (52) .-+ (13)

The operators neglect terms of 0(£?) and higher.

To obtain the PDE groups corresponding to different powers of &, we substitute equ. (10)-(13) into the
dimensionless form of the governing equations. This procedure leads to the derivation of the preceding
four linear PDEs. Based on the perturbation parameter &, the splitting method is employed for
obtaining these PDESs. These equations are the orders of £ and &2.

(i) First-order equations (coefficient "1" at £1)

A= v O
= oo ox — .
37—02 =t
e (14)
o =

>
87—0 11
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Multiple scale approach technique...

(ii) Second-order equations (coefficient “2" at £2)

— _ o
o1 + oscxs + o3 y1° + Ta SE —+
8’?‘0
Iv1 | Iv1 Oy~ -+ (15)
O5C1 Y1 Do T6 81—0) + oray 6‘7‘0) —+
> 62{:15]_ 4 82&2
8’?‘06’?‘1 8’]“5
oy Oop O 9?1
Cive — G273 + 3 + C4 + 2 +
67—0 87‘0 67—0 6’7‘08’?‘1 (16)
é‘:’ %71 i 0?2 0
(8% —
o oTs o1y ’
The resulting established solutions of Equ. (14) are presented as follows:
v = Efc}‘z’?‘nBl (Tl) 1 E—fﬂ'z":"nBl ('Tl) :

= gfqlTﬂB:?} (Tl) 1 E—fﬁ'l""‘ngg (Tl) ) - (17) .
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tos8, {T]_) B {’?‘l) eiTol(l1+o=)
C — 2+ 202
—2¢foeBs (71 ) B2 (71) — 20382 (1) B2 (71) + o1

a2
iosBq, (71) Bo (7)) e iTo(<1+oz)
C1 + 202
eZic1To (Q’fJﬁBg (71) 2 — o382 (’?‘l}z)
(2€1 — o2)(2¢1 + o=2)
e—2ic1i7o (Clzﬂ"ﬁgz ()2 — o3B8o (le}z)
(2€1 — o2)(2¢2 + o=2)
iC10aB2 (T1) €170 iCioae Sr1TO B (1)
(€1 — o221 +o2) (€1 — oz2)(C1 + o)
10781 (71) B (71)° efT0 (21 +oz)
A(CHy + oz)
C1o781 (71) B2 (71)~ e Te(2a+o2)
A(C1 + o=2)
iosB2 (T1) By (71) ef7olcr —o=2)

_|_

_|_

C1 — 2o2
iosB1 (T1) B2 (71) e Tolcr —o=z)
C1 — 202 o
Cr7 B2 (71)° By (7T1) e (261 —o=2)
A(C1 — o=z) B

lej‘_'?BJ_ {T]_) JB_'E {:TL)E e iTol2d —o=z)
4(';1_ - 02:}
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(2¢™ %1708y ()’

- 8C12

ioo(3By (1) €270 sag(};e io2To g, (Tl)

(02— G)(CL+02) (02— Cu)(G +02)

pimo(C1+02) (Cl (Bl (11) By (11) + (1C402B1 (1) By (ﬂ))
02(2C1 + 09)

p—imo(C1taz) ((1 Q.-Bl (TI)BQ (T1)+C1C4(T;>Bl (Tl)Bz(Tl))

)

C"EBE (Tl )3 EHECI TD
8¢,

Y2 =— +

(2C1 + 02)+

gino(G1-o2) (QC By (71) B1 (71) = (1¢a0aBa () By (ﬂ))
02(2C, — 03)

o603 (G () B (1) = G uaBL () B ()
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The modulation equations are a group of four first-order ODEs that describe the modulation of amplitudes and phases,
since the procedures for solving them are complemented by initial conditions.

These secular terms in a2 and y2 follow:

oy = — 2C2B, (7)) B (71) &7 (71) Bo (1) — -+ (20)
2icn 281 (T1)
= DT
= 5 OB
Y2.s = 3C282 (11)” B> (1) — 2iCy ; (71) (21)
T1

B, = %ak (1) e, By = %ak (T)e ™, k=1,2. -+ (22)

. _ : C2as (7)° o7
a; (7) =0, az(7) =0, 1 (7) = -+ (23)

40’2

. 3as (7)°
P2 (1) = 28((:1) 2

14
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Final asymptotic solution up to the second order approximations

Once we reconstituted the modulation equations for the nonresonant cases and took into account the established
equations, we obtained the final asymptotic solution up to the second-order approximations

ao(7)? (C1%204 + 02) — 20
o = 2(7) (C 26;_ 3) ! + ay(7) cos(aa7 + Y1 (7))
03

N as(7)? (03 — (Fog) cos(2(¢y7 +12(7)))
81 — 205

Cro7ai(T)as (T )2 cos(7(2( — 02) — U1 (1) 4 292(7))

16(¢1 — 02)
 Goga(7)ay(7)? cos(7(2G + 02) + P1(T) + 24a(7))
16(C1 + 02)
 Groaax(7)sin(GiT + Ya(7))
¢ — 03

05a1(T)ax(7)sin(7(¢y — 02) — P1(7) + Pa(7))
2( 20’2)

o5a1(7)az(7) sin(7((1 + 02) + 1 (1) + P2 (7))
2(C1 + 202)

¥ = ay(7) cos(Gr7 + Pa(7)) — Cata(r) 0082(32(5117 +#a(7)) +

Cra1(7)az(7)(C1Cs — Cao2) cos(7(C1 — 02) — P1(7) + Ua(7))
20’2(2C1 — 0'2)

Cray(7)as(7)(CGs + Caoa) cos((C + 02) +P1(T) +¢a(7))

20’2(2C1 + 0'2)
. (302a1 () sin(aoT + U1 (7))
G-d ~@

. (24)

15



@\Departmenl of Automafion,
Biomechanics and Mechatronics
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Fig.2 Comparison between the analytical and numerical solution of the SAM
o1 = 0.0025, 09 = 1.01, o3 =0.06, o4 = 0.014, (2 = 0.2, (3 = 0.0005, {4 = 0.01, (5 = 0.00001,
o5 = 0.06, 0 =0.01, o7 =0.05, ¢; = 1.0, x(7) =0.04, ()0, ¢(r)=0.01, ¢(r) =0 .



Department of Automation
Biomechanics and Mechatronics

a 4-DOF Variable-Length Pendulum
Model using the multiple scale
approach

Godiya Yakubu
Approximate Analytical Solution of A

The modified SAM physical model and the governing equations

(mys g + M) Xo + my (L(£)@3(t) + gcpr) + Tra(cpcp — spsp) + Tr — Mg

.’1 {f) - Hip M ’
| . 1 ..
Y w (1) TG TE M}( ((sp2(sF1 —sp1) +cpepasp — cprp2) MmymaXo
Ol, |
Mmzs}—’{] Tis(1 25_‘}1) - Mmgo (myly (£) @7(t) 2cpicp Ty + gmace )
mymasgisga(Tr — Mg) M?nzs_‘?‘c](Tm b gmice) (myma(my + M) (L2 (t)4
Ios)) @5(t) — Mmymacgicply (1) @y(t) + (ma + my + M)my Tz + mymacs(cp Tr
Mgcy Mg)));
.M . {f-) B THq (2!1 {f){f}] (f} f C_f']j‘.:i_} | gﬁ_fl) | TtJ;;(Sf]sz S_JrzC_f])
Pt myly(t) ’

(XQ?YQ) 1

P2(1) ~ (my + M) (mula(t) + milaos)

(((S_fl I)T:szf.fl Sfl sz}j}M?ﬂ.] X:]

ZMs_flc_f]sfszt;; I ((26;25%]’11;; | gm.ls_‘??l mlc_f]h[f)q':r%(t} cp2Tyz) M

Fig.3 The extended swinging Atwood machine (Tr — Mg)micpr — Mgmy)spa + ((micpali () @1(t) + caTiz)M + (Mger

Tk + Mg)micp)spy — 2myla(t) g3 (t) (my M)): -+ (26)
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w2w?w? Fw?w?
U'lzwzﬂ—I-GCUi— /:’..% 4,0'2=FG,U'3: 2 lr
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w1 w1
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= — = — = —_— = — = —_—— 2
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N3
sin ¢ (t) = (fpf (1 - &) ) ,.

2
Cos P; = (1 _ (@ (;)) ) ,

sin (2 (Piy1 (1) — @i (1)) = 2 (Piy1 () — i (),

- (27)
cos (2 (Piy1 (1) — ¢i () =1

sin (¢pi1 (t) — @i (t)) = (Pir1 () — i (t)),
cos (i1 (t) —¢i () =1,
sin (¢iy1 () — 2 (t)) = (i1 (t) —2¢: (1)),

cos (i1 (1) — 295 (1)) = 1.

18
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Analytical Solution

The final dimensionless form of the motion equations
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o, — 0y sin(@t) — w?x, (1) — wex2(t) — o3 sin(@7t) ¢p1(7) + o, sin(wt) P (T) + o523 (T)

— c1X3(T) — 0P (T) — 0749%(’5) — 08X (T)flsl (T) — o9x4 (T)CIS% () — %, (D)
=0

81 — oz sin(wt) + 652x1(7) — x2(T) — byx2(T) — byx,(T) — byx, () + 83 sin(@w7t) ¢h1 ()
— 845 (1) — 85 sin(@1)P3 (1) — c1%2(T) — 7% (T) — Sgx2 (1) + Sop1 (T)

. . . 1 . .
+ S56x1 (D) P1 (T) + Sop7 () + Gx1 (D PF (D) + EAG (D P5(v) + AGL (D) P35 ()

+ Grx2 (D) P35 (1) — %2(z) = 0O -+ (28)

F sin(@t) — wig + wéxz(2)Pp1(v) — & sin(@1) p7 (7)) + {1p7(T) — ({)éxz (D) P2 (D) B
— 5.3551 () —c2P1 ()X2(T) + c2P2(T)x2(T) — 204 %1 (D) P1(T) — {ux1 (D) P41 (T)
— @2(t) =0

&E1¢1(T) + hoy sin(@1) ¢p1 () + &1 (DD P1(T) + E3x1 (D P11 () — E5 P2 (D)
— hoy sin(@71) ¢ (1) — E2x1 (DD P2 () — &322 (DD P2 () — &5 sin(@w71) P35 (T)
— &6 P3 () + E7Pp1 (D) x2(T) — E7p2 (D)2 (0) + Egp1 (D) P35 (T)
+ &ox1 (TP (T)Gbg (7)) — &P (T)Qb% (7)) — &ox1 (D) P2 (T)Cﬁ% €]
+ &10P1 (D P (D) + E11x1 (D P11 (D P () — E10P2 (D PF (D)
— f_.11x1 (D P2 (D) P (T) + E12%2 (D) P5 () + E13%2 (DD P35 (T) — E14%2 (D) P (T)
— P () =0

19
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Multiple scale approach technique

The analysis focused on a localized region near the system’s static equilibrium. A small
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parameter represented as 0 < € « 1 is introduced to characterize the amplitudes of the

oscillations within this region.
This parameter allows us to establish the following relationship:

x1(t) =ea(t:¢), x2(7) =¢B(T:¢),

P1(T) =ey(Tt:€), ¢po(T) =€l (T:¢).
This allows us to consider the following approximation:
x1(7t) =ex (10, T1), x2(7) =€B (10, 1), P1 (T) = ey (10, T1),

- (29)

¢ (T) el (1o, m) X1 (7)) = €& (10, 1), X2 (T) = EB (t0, T1),
(‘bl (T) — 8’}’ (TU, Tl), q':?z (T) — EF (TD, Tl) P j(-:l (T) — &K (TU, Tl) p

. 20
continued on next page
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Multiple scale approach technique...

X (T) = eB (10, 1), $1(T) =¥ (10, T1), P2 (T) = el (10, T1) b = ¢b,
F = Ef, C1 = 8’(::1, Gz = 862, wo — 8&30, o1 = 825’1, 0y = 825’2,
03 = €03, 04 = € 104, 06 = €06, 09 =& 09, A =¢A, by = eby,
-+ (30)

by = 853, G = 8_16, G = 8_161, 0y = 852, 03 = 853,, 05 = 8_135,

~ ~ ~ >~ N N ~
= 857, 58 = 858, 59 = 8(59, (51 — & (51, Yy =&Yy, C2 = &Cy, §3 — Egg,,

&
|

(p=¢ 0, h=¢'h, & =¢f1, Cs =€ ‘G, Co =€ &, E10 =€ ‘1o,

_ZN
C11 = € “C11- )
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Multiple scale approach technique...

The time-dependent variable x, (1), x, (1), ¢,(7), and ¢, (t) can be considered as a power series of €

xq1 () = i 8kx1,k (to, ) + O (Ek) ;

PN
[
=

x> (T) = e*x5 1 (to, T1) + O (Ek) ,
e—1 - (31)
2
P1(T) = > pri (o, 1) +O (),
k=1
2
P> (T) — Z 8k(;b2’k (T{], Tl) —+ O (£k> .

Kk

|
ol

The time scales are represented by 7,, = €t (n = 0,1), 1, — faster; T; — slowest

22
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Multiple scale approach technique...

The following operators are used to convert derivatives with respect to t to the new
time scales t,,.
2 2 2
d ) Jd d 0 0 - (32)

- = — 19 2
Tt "o on e g T Fanan O )

(ii) First-order equations (coefficient “1” at &1)

az{xl 827

... (33 — 0 ... (35
702 + w?a; =0, (33) 972 +wimn = (35)
°p1 + B8, =0 - (34) 821“2 + &I =0. - (36)
arg ﬁl 4 aTO

23
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(ii) Second-order equations (coefficient “2” at £2)

51 — 5‘2 sin ((DT()) — wzrxl — 600181 — 5’3’}’1 sin ((DT()) + 5’4’)’% sin (COTQ)+

op1 -0 0 o711\ ° -+ (37)
05T'7 sin (@79) — Claf_; S, AL A £ ( fh) _

: a’}/l 2 82061 82a2
=) -2 —— =
%61 ( 0 {0 ) 0 [Oa ] 0 Ig 0,

81 — &y sin (@Tp) + day — baB1 — b3B1 — B1 + 0371 sin (@7p) — 6477 —

df1 aﬁl ~ 91 71
3 . _
655r1 sin ((DT@) Cl aTo aT{) aTg + 59 a - —|— 0 61 =—— e - -+

871 2 ~ 8*)/1 2 1 ~~ E)I"1 8F1 2
% (%) o (% +346 (o) +40 (G *

~ [l \* =~ or;\ 2 02 92
on () om () 228 - 2 -0

aT() 8T08 T aTg 24

.- (38)
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(ii) Second-order equations (coefficient “2” at £2) ...

Fsin (@7)) + wiBry1 — (174 sin (@) + {27} — wir2 — wipili—

dnq daq 91 0°11 0%y; 0% w(39)
(3 — 2045 — — Q1= — =5 =0,
d7p 0Ty 97 dTpoTy JT; JT;
glf}’l — ﬁ&g’}’l sin ((DT()) -+ C:,rza’,l’)q — gzﬁl’)q — %5‘2111 sin ((DT@)—
2 . -t aﬁl
o0q Ty — &3Py — EsIsin (@19) — Cel'§ — &3 + 71N A
0 0 01 0 ~ 0
ET1 oL 4 G O e T ks - (40)
07 07 07 0T
~ a’}’l 2 ~ a’}’l 2 a’)/l ~ a’)/l 2
¢1071 (B_TO) + ¢114171 (% — &l ) Cr1x1l 7% +
2 B0 Oph AN azrl_azrz_o
291 9t | P o1 91 1oy ot o 25
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¢ The solutions to the equations above (37) - (40), which can be solved in a specific
order, emphasize the importance of the solutions from the first group. Therefore, we
first focus on obtaining the general solutions of Eqgs. (33) - (36). The established

solutions are as follows:

'Ctl EIW []Bl ([1) | € " {}Blf r)/l € * DE?) | € * (}ESJ"
...(41)

ﬁl — 351’(}82 + E_ETUEZ, I’l — gfgﬂﬂ 84 -+ e—f§4T(}§4_
¢ Consequently, by substituting the solutions (41) into the second group of PDEs (37)—(40),

we obtain the second-order solutions with B; and B;being t,; dependant where i =1, 2, 3, 4:

26



Godiya Yakubu
Approximate Analytical Solution of
a 4-DOF Variable-Length Pendulum
Model using the multiple scale

Lodz University of Technology approach

Modulation equations

The modulation equations are a group of four first-order ODEs that describe the modulation
of amplitudes and phases, since the procedures for solving them are complemented by initial
conditions. These secular terms in a5, B, ¥, and I', follow:

ﬁ\Department of Automafion,
Biomechanics and Mechatronics

- . dB
s = —260%(5:981 (Tl) B3 (Tl) Bg (Tl) — le% (4‘2)
1
52’5 = — Esz (Tl) — 5382 (T1) —+ 25&@82 (Tj[) B4 (Tl) g4 (Tj[) —+

2&4°G1B> (1) B4 (1) B4 (1) —ic1Ba (1) — i67B> (1) — -+ (43)

fgng (Tl) — 21‘8851517:1)

. ~ . OB
Y2,s — 36283 (Tl)z Bg (Tl) — ZILU4 S (Tl) (44)
1
. - . ~ .. 0B4 (T

rz’s = —2w42§1083 (Tl) B4 (Tl) B3 (Tl) — 3§6B4 (T1)2 B4 (Tl) — 21§4M (4-5)

8T1

1 1 .
Bi = Sa (T) e'¥, B = 5% (t)e ™k for k=1...4. 27
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Modulation Equations...

In order ¥; and a; represent the phases and amplitude of the solutions a, B, y, and T'.

After eliminating the secular terms from a5, B», ¥, and I',, we obtained the following modulation

equations 1
a1 (T):O, QQ(T):—Eaz(T) (Cl+§7+58:0)f ,{j3(’f):0, Q4(T):O,

2
1 (1) = wiai,(;) 09, o (T) = % (25’2 + 2b3 + 5&“4 (T)Z (G+ Gl)) ’ . (46)
. . 3a3 (1)’ .  2wiaz (T)°E10 + 3as (1)’
P3(7) = — TR Py (T) = —2 3%, .

After reconstitution of the modulation equations for the nonresonant cases and taking into account the
established equations (41), the final asymptotic solution up to the second order approximations with ¥; and a;

being T4 dependentfori=1,2,3,4isasa, B, y,andT.
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Comparison between analytical and numerical solution using time history

A =05,c1 =cp =¢1 =¢3 =03 =0.01, 05 = 0g = {3 = 0.0001,

ws = ¢» = 0.002, 0g = 07 = ¢10 = ¢11 = 0.0002, &>, = 0.00021,

09 = C14 = (4 = 0.00005, 64 = 0.003, 64 = 0.00008, ¢z = 0.0012, - (47)
h=wg=1, g = 0.008, 69 = 0.00009, 69 = 0.00002, s = 0.00008,

Co = 0.000002, &13 = 0.00015, @0 = 10, 0q = 0.15, 0» = 0.464, b, = 2.11,

b3 =163, G=08, Gy =0.1, F=0.81, wg =1.72, 1 = 0.05, 03 = 1.15,

w = 0.25, 0» = 0.001, & = 1.61, & = 0.005.
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Fig.4a Comparison between the analytical and numerical solution of the 4-DOF modified SAM for x,(7) (i), and x,(7) (ii)
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Fig.4b Comparison between the analytical and numerical solution of the 4-DOF modified SAM for ¢, (7) (iii), and ¢, (1) (iv) .
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Conclusions

» The Modified SAM presents a novel SAM concept applicable in the modeling
of engineering objects.

> It is bases on a variable-length double pendulum with a suspension between the
two pendulums.

» The derivation and form of the analytical solution obtained using the multiple

scale method iIs complex. Although successful, some important simplifications
had to be applied.

» Future work will be extended to resonance case and stability analysis.
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Thank you for your kind attention
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