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» 2-dof nonlinear dynamics of the rotor suspended in a magneto-hydrodynamic field in the case of soft
and rigid magnetic materials

« Equations of motion
« Soft magnetic materials. System analysis by means of the method of multiple scales
— Non-resonant case

— Primary resonance. The cases of no internal resonance and the internal resonance

* Rigid magnetic materials. Conditions for chaotic vibrations of the rotor in various control parameter
planes



The cross-section diagram of the rotor symmetrically
supported on the magneto-hydrodynamic bearing

F, is electromagnetic control force produced by the k-tzh_ opposed pair of electromagnet coils.

Fo=— 2N G i 1A

. (25+1/4)

i I denotes bias current in the actuators electric circuits,

' L 1S the magnetic permeability of vacuum,

A is core cross-section area,

N is number of windings of the electromagnet,

o isthe air gap in the central position of the rotor

with reference to the bearing sleeve,

is the total length of the magnetic path,

1 =BJ(1,H,) denotes the magnetic permeability of the
core material (the constant value);

B, , H, are the values of the magnetic induction and
magnetizing force (they define the magnetic
saturation level);

6, is the angle between axis x and the k-th magnetic
actuator;

(P, ,P.) are the radial and tangential components
of the dynamic oil-film action,

Qo iIs the vertical rotor load identified with its weight

X
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Equations of motion

m's" = Pr*(p,p*,qi*)cos¢— P,*(p,¢5*)sin¢+i F. cosé, +Q, (t),
m'y" = (p,p,¢)sm¢+P (p¢)cos¢+ZF sind, +Q, +Q, (t)

arctg 1rp }

W

o (. ) P2 =28) L)1t q(p)=24 %, €

a(p) m 5t
Q, (t)=0, Q(t)=Q"sinQt’

P (p, " 4)=—2C" ” 2¢ (

m* denotes rigid rotor mass,
(x*, y*) are Cartesian coordinates of the rotor center;
Q, (1), Q,*(t) are an external excitation characterizing bearing housing movements. We are considering
vibrations of the rotor excited by harmonic movements of the bearing foundation in the vertical direction;
L, O R., L. denote oil viscosity, relative bearing clearance, journal radius, total bearing length respectively;
(p, d) are polar coordinates



To represent the equations of motion in dimensionless form the following changes of
variables and parameters are introduced

t:a)*t*, ¢:¢*1 p:p*l XZX_*! X: )i*’
)] () C @ C
)('* y* . * * *
T B e
@  C ®C mawc
= - * *9 L QO *2 * ) F = y
@ mao C m o °c < mw e
p = p -
m o “c m o “c

* 1S rotation speed; c* is bearing clearance
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Dimensionless equations of motion

=P,(p, . 4)cosg—P.(p, 4 )sin g+ F,,
y=P (p,p,é)sin ¢+ P (p,¢)008¢+ F, +Q, +QsinQxt,

ol eh-2) “P}
b.d)=-2C
R0, .9) {p(p + () mamtg
B (5. )= 2C pli-29) . plp)=1-p%  qlp)=2+p°,
(0,9) 0] (p)=1-p (p)=2+p
Fx:_j/x_/l(x_XO)’ Fy:_ﬂ’y_ﬂ(y_YO)’ . . '
=peosg, y=psing,  $-IH 2
P:\/m1 COS¢ = 2X 2 Sin¢ = 2y 2

Xty X +Yy

F., F, are the magnetic control forces,
(Xo: Yo) are coordinates of the rotor static equilibrium,
¥, A are control parameters




Soft magnetic materials

The non-resonant case

The right hand side of the equations have been expanded in the Taylor’s series as well
as the origin have been shifted to the location of the static equilibrium for the
convenience of the investigation . The linear and quadratic terms have been kept.
So, the transformed equations of motion are cast into the following form

X+aX— By = -2, X+a, X" +a,y° + o XX+, Xy

+a Xy +a Xy +a,Vy, .
J+ay+ X==2%+ X+ B,y° + fXX+ f,Xy

+ B XY+ B Xy + By +F cos(Qt +r).
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We seek a first-order solution for small but finite amplitudes in the form

X = ex, (T, T,)+ &°%,(T,, T, +...,

y= gyl(To’Ti)+EZY2(To’T1)+ seed
where ¢ is a small, dimensionless parameter related to the amplitudesand T, =&t

It follows that the derivatives with respect to t become expansions in terms of the
partial derivatives with respect to T,, according to

d_08 T, 00N, 8 a,

= +...=D, +&D, +&°D, +...,
dt T, &t  aT, ot a7, ot

2
%:(D0 +&D, +£7D, +...f = D2 +26D,D, +£°(D? +2D,D, )+....
where D, =i
o,
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The forcing term is introduced so that it appears at order ¢, i.e. we take F= &f , &, = &u,
Equating coefficients standing by the same powers of € we obtain

Order ¢ DZx, +ax, — AD,Y, =0 (2)
D2y, +ay, + Dy, = f cos(QT, +7)

Order &2 DZX, +ax, — fD,Y, = —2Dy (DX, + 14X, )+ AD,Y, + a X2 +a,y?
+ ;% DX + a XY, + asX, Doy, + gy DX + @, Y, Dy Y, (3)
2

D02y2 +ay, + DX, = _ZDO(Dlyl +ﬂ2Y1)_IBD1X1 +181)(12 + 6, ¥,
+ B DX + B Yy + BsX Do Yy + B YiDo X + 57 Y. Do Vi
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The solution of equations (1) is expressed in the following form

x = AT, )expioT, )+ A (T, Jexp(ic,T, )+ @, expli (QT, + T)]"' CC,

. . _ (4)
Y, = A A (T, )exp(ioT, )+ A, A (T, Jexplio,T, )+ @, expli(QT, + )]+ CC,
where
a)f—a. D :i pen :1 f(a_Qz)
A, = wp " D 2(g-0f - pr? P 2 (a-0°f - pP?

w2 are roots of the algebraic equation @’ — (za + ﬁz)@ﬁ +a’=0.
Substituting (4) into (3) yields
Dgxz +ax, — DY, = [_ Zia)l(Ail + /U1A1)+ ,BAlAl’]exp(i w1T0)+
|- 2iw, (A, + 1, A))+ BA,LA, lexp(iw,T,)+...+CC

D02y2 +ay, +:BDoxz = [_ 2ia)1A1(A1’ "‘ﬂzAl)_:BA{]eXp(ia)lTo)+
[_ 2ia)2A2(A£ "‘ﬂzAz)_:BAé]eXp(iszo)""---+CC
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The solvability conditions are

R, - i,Ba),;J _0
R,, (a -,
where
Ry = _2ia)1(A1’ + /U1A1)+ BAA, R, =-2iw, (A; + :ulAz)"':BAzA;’
R, = _2ia)1A1(A1' + IUZAl)_ﬁAl” R,, = _Zia)zAz(Aé + :uzAz)_IBA;’

A

2
and hence R =

> |

n

Finally, the equations for A, and A, are the following ones

,BAl—Zia)1+lelj\_\1+ﬁ]Al’+[2|w1KAlﬂ2 —ZiwlleAizO,
1 1

BA, —2iw, + 2'”2%\2 +ﬁjA; +(2""2KA2“2 —2ia)2yle2 _0.
2 2
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Therefore, the complex form solutions are as follows

x = g|exp(— vt )a, expliot)+exp(—ev,t)a, exp(io,t)
+ @, expli(Qt +7)]+CCJ+0(£?)
y = &[A, exp(—ev,t)a, explimt)+ A, exp(—sv,t)a, exp(io,t)
+@, expli(Qt + 7))+ CCJ+0(£2)
On the other hand, the real solutions are following
x = glexp(—sv,t)a, cos(amt + O, )+ exp(— sv,t )a, cos(w,t + ©,)

+2Imd, sin(Qt +7)]+ O(ez),
y = ¢[A, exp(—evt)a sin(ot +©,)+ A, exp(— ev,t)a, sin(w,t + ©,)

+ 20, cos(Qt +7)]+0(e?)
2 +
where Vo = i ('ul 'UZ) 1) a, and ®, are real constants.
4o, — ﬂ(lm A+ ]
ImA
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Comparison of the numerical integration of (1) and the perturbation solutions
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Comparison of the numerical integration of (1) and the perturbation solutions
in the case of non-resonant damped vibrations

numerical integration numerical integration
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Comparison of the numerical integration of (1) and the perturbation solutions
In the case of non-resonant forced damped vibrations
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Primary resonance
The cases of no internal resonance and an internal resonance

Analyzing primary resonances the forcing term is ordered so that it appears at order &2
(F=¢&f, w,=¢eu, ).

Consider the case Q= w,.

Let us introduce the detuning parameter o, in the followingway Q= w, + £0;.

Equating coefficients of the same powers of € we obtain

Order ¢! DZx, +ax, — fD,Y, =0, 8
DOZY1 +ay; + pDyX, =0.

Order &2 D¢X, +ax, — fD,Y, = —2 DO(Dlx1 + ﬂ1X1)+ PDyY, + X, +a, Yy

+ a X, DX, +a, X Y, +ac XD,y + oy, DX + -, Y, D, Yy, (6)
Do2 Y, +ay, + D X, =2 Do(D1Y1 + U, yl)_ﬂDlxl + :lelz + /5, Y12
+ X DX, + B.% Y, + BX DYy + Bs Vi DoX + B, Y, D, Y, + T cos(Qt + 7).

®]4



The solution of (5) is expressed in the form

X = Ai(Tl)eXp(i a)lTo)"' Az( )eXp(I @,T, )+CC
:A1A1(T1)eXp(ia)1T )"‘AzAz( )eXp(Ia)z )"’CC

2
a) —0!
where A =

T ﬂ :
Then, the second approximation reads
Dy X, + X, — Dy, = [_ 21 a)l(Al, + lulAl)+ IBAlAfl,]eXp(i Ty )+
[ 20, (A + A, )+ A A Jexplio, T, )+
A [al +Na, +ioa, + Aa, +ioA o +ioMa, +ioNa, ]exp(Zia)lTo)
+ A [051 + N, +iw,a, + Ao, +iw, Ao +io,Aa+ ia)2A22a7]eXp(2ia)2To)
+AA, -2051 +2A A\, + (i w, + 1o, )a3 + (A1 + A, )a4 + (i @, A, — ia)lAl)a5
+(ia)2A1+|a)1A ) (ia)1+ia)2)A A,a, ]exp('(a)1+a)2)T0)
+ AA 20, + 28, A, + (i, —iw o, + (A, + A, oy +(i0,A, — i A, g
(Ia)2 —lwA, )a Ia)2 Ia)1 A Ao, ]exp( (a)2 a)l)To)
T AlAl(al +A1( A, +a, +ioy (o - 6)))+ AzAz(al +A2(A2052 +a, +iw,(a

a;))+CC

(7)
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and

Dc?Yz Tay, "‘:BDon = [_ 2ia)1A1(A1’ T ﬂzAl)_ﬂAl’]E)(p(ia)lTo)'l'

[_ 2ia)2A2(A£ + ILlZAQ)_ﬂA;]eXp(i a)zTo)"'

A [:81 + NS, +iw By + Ay By +io A fs +ia A s +io AL B, ]eXp(Zia)1To)

+ A28+ B, +i@, B+ A, By +iw, A, B +iw, A By +ic,As B, |exp(2i,T,)

U A1A2[2131 +2M,0, /5 +(ia)1 T iwz) 3 +(A1 +A2) 4 +(ia)2 —lo A ) 5

T (i W,y + ia)lAZ) 6T (i o, +lw, )A1A2ﬂ7 ]eXp(i(a)l T, )To)

+ EAZ[Zﬂl + 2N A, B, + (i, —iw B, + (A, + A )B, +(iw,A, —i A, )Bs

"'(' @, A, — i A ) 6 T (' W, — iwl)K1A2ﬂ7 ]exp(i(a)2 _a)l)TO)

+ AlAi(ﬂl + Al( A f,+ Py + ia)l(ﬂs — D )))"' AZKZ(ﬁl ""Az(Kz,Bz + 0, + ia)z(ﬂs — D )))

+ % f exp(i(@,T, +o,T, +7))+CC

18



The case of no internal resonance
(e, isaway from 2w, )

Qo +A_ o =0,
The solvability conditions are .
q L D+ L g exp(i(o,T, +7))=0,
“2 A, “2 2A,

where 4., = —2ia)1(A1' +IU1A1)+IBA1A1” Qo, = Zin(A; +,UlA2)+ LPALA,
P, :_Zia)lAl(Ail—'_:uZAi)_ﬂAi” P, =—2ia)2A2(Aé +1L12A2)_ﬂA;

The first approximation is not influenced by the nonlinear terms. It is essentially the
solution of the corresponding linear problem.

1 .
Ai(Tl) = 5 q exp(— v,T; +10; )’

A3 a,00vT+i0,) e et oo, +o)

2ImA, |mK‘2(V22 +07

20, 1y +
where v, = “(ﬂl ﬂZ) K, =—4w,i+ f] ImA, + e I
1 j ImA,

4con—,8(lmAn+

ImA

n
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As t—o, T;—>0

A, — f (V2 - io_l) 2)exp[i(61T1 + T)]

A0, 2ImA, |mK2(V22+O'1

Therefore, the real solutions are

F 1

A T sin(Qt+7+7,)+0(e?)

X =

=% |mlc2(v22 +012)V2 Si”(Qt+T+772)+O(‘92)’

where y, = arctg (Vz/ 01)’ ¥, = —arctg (01/ Vv, )

® 20



The case when the internal resonance exists
W, = 20,

Let us introduce detuning parameter o, in the followingway @, =2, —

The solvability conditions for this case become

1 1 — :
1

1

1 1 i 1 i
d,, +— P, +[q2a,l = pijﬁf exp(i “2T1)+K f exp(i(o.T, +7))=0,
2

A,

2

J,, :_Ziaﬁ(Ai,"‘/ﬁAi)"'ﬂAlA{’ J,, :Ziwz(A; +:”1A2)+ﬂA2A£'

0y, =a, + N, +imo, + Ao, +ioA o, +ioAa, +ioNa,,

d,, —2051+2K Ao, +(iw, —iw o, + (A2+Kl)a (Ia)2 —ioA, )a
(la)2 —loA, )a Ia)2 Ia)1 AA 207,

pwl =—2Ia)1 1(A1+,L12A1)—,3A1, pa)z :_Zla)zAz(Aé"‘ﬂzAz)_ﬂA;’

P2, = B+ NS, +iofy+ A B+ s +ioA S +io A B,

Po,- :2ﬂ1+2K A2ﬂ2+(ia)2—ia)l) 3+(A2+K1) 4+(ia)2A2—ia)1K1)ﬂ5

+(|a)2 —lo A ) (i, —i0, )AL A, B,

where
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For the convenience let us introduce the polar notation
1 :
A =2 exp(i®, ), m=12,

where a_, and ®, are real functions of T,. Then the solvability conditions can be
written in the form

R 1 | |
(a; +i2,0;)+v,a, +o—aa, [p+iw]expliy,)=0,

K3

L, 1 : : f :
(a; +|a2®2)+‘/2a2 +§aﬂ_2[§+”7]exp(_|72)+ A eXp('Vl): 0,

2 222
where
(D = Re[qwza)l +K1 pa)za)lj’ l// = Im(qwza)l +X1 pa)za)lj’
é/ = Re(qul + p2a&]’ 77 = Im(qul + p2a)1j’
2 2
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Separating the previous equations into real and imaginary parts, we obtain

Q =-13, — 2?1::;1 (v cosy, +psiny,),
8,0; = 271::;1 (pcosy, —wysiny,)
a, =—v,a, - > I?nlsz (mcosy,—¢siny, )+ ImzczflmAz C0S7,,
a2®2’ = I?nlzxz (£ cosy, +nsiny, )+ ImzczflmAZ sin 7.

®23



Finally, we obtain the expressions for a, and a,
1

2 %2 2 2 2 o \\ V2
a, = _£_|_ (Ej —q . — 160)1(:“1"‘:”2) +|m’(1((01_02))
2 |2 ' 2 (02+ly2
4 _ _
where p= ;2—?772[_ 20, (11, + 11, \mpcOsy, — £ siny, )—Imx,o,(£ cos y, +nsiny, )]
1 4f°
q= T {4a§ [40)22 (,u1 + 1L, )2 + Imlczzo-f]—m}_

Then, the real solutions follow

X = e{a1 COSB(Qt +T-p —n)} a, cos(Qt +f—71)}+0(82)’

y =—g{a1 ImAlsinB(QtJrr—yl—72)}+a2 ImAzsin(Qt+r—71)}+O(gz)
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Frequency-response curves; ¢,=0, Q=®,
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Comparison of the analytical results presented on the frequency response curves with
the numerical integration of (1)

(@) Q=19 (c,= -1, 5,= 0), f=0.01 (b) Q=20 (5,=0, 5,= 0), =0.01
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Amplitudes a,, a, versus the amplitude of the external excitation f ;
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Comparison of the analytical results presented on the previous picture curves with the
numerical integration of (1)

(@) Q=19.5 (6,= 0.5, 5,= 0), f=0.0065 (b) Q=195 (5,= 0.5, 5,= 0), =0.01
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Amplitudes a,, a, versus the amplitude of the external excitation f;
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Comparison of the analytical results presented on the previous picture curves with the

numerical integration of (1)

(@) Q=20 (c,=o,=0), f=0.0006
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Rigid magnetic materials. Hysteretic close-loop control

The hysteretic properties of the system (1) can be taken into consideration
by means of Bouc-Wen hysteretic model

X=P,(p. . p)cosp—P.(p,g)sin gy, X = A [6(x %)+ (1= 6)z |
j=P(p,p.4)sing+P.(p,4)cos -y, - 4, [5(y - yo )+ (1= 5)z,]
+Q, +Qsin Qt,

n 8
2, =k, - (7-+ Bsgn()san(z )"k &

2, = |k, - (+ Bsan(y)son(z, ) z.|'

Here z, and z, are hysteretic forces. The case 6=0 corresponds to maximal hysteretic
dissipation and 6=1 corresponds to absence of hysteretic forces in the system,
the parameters ( k,, #, n )eR+ and yeR govern the shape of the hysteresis loop

® 3]



The influence of hysteretic dissipation ¢ on chaos occurring
in horizontal (a), (c) and vertical (b), (d) vibrations of the rotor (8)
In the case of rigid magnetic materials.
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Chaotic regions for the horizontal (a), (c) and vertical (b), (d) vibrations of the rotor (8)
In the (Q2, Q) parametric plane with decreasing of the hysteretic dissipation value o
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Phase portraits and hysteresis loops of the rotor motion
that agree with the chaotic regions in the (Q2, Q) plane
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Phase portraits and hysteresis loops of the periodic rotor motion
that agree with the regions of regular motion in the (2, Q) plane
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The influence of the dynamic oil-film action characteristics on chaos occurring

in horizontal (a), (c) and vertical (b), (d) vibrations of the rotor (8)
in the case of rigid magnetic materials.

(b)

Amplitude Q

Parameters of the system 4.=500, k,=0.000055, 5=15, £=0.25, n=1.0, £2=0.87
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The influence of the magnetic control parameter y, on chaos occurring
In horizontal (a), (c) and vertical (b), (d) vibrations of the rotor (8)
In the case of rigid magnetic materials

(b)

Amplitude Q
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o
o
&
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Amplitude Q
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0=0.0005, C=1

Amplitude Q
Amplitude Q

0.00 0.05 0.10 0.15 0.00 0.05 0.10 0.15

Parameters of the system 4.=500, k,=0.000055, 5=15, $=0.25, n=1.0, £2=0.87 are fixed
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The influence of the magnetic control parameter A on chaos occurring

in horizontal (a), (c) and vertical (b), (d) vibrations of the rotor (8)
in the case of rigid magnetic materials.
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Parameters of the system k,=0.000055, y=15, $=0.25, n=1.0, £2=0.87 are fixed
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Conclusions |

e 2-dof nonlinear dynamics of the rotor suspended in a magneto-hydrodynamic field has
been considered,;

* In the case of soft magnetic materials the analytical solutions have been obtained using
the method of multiple scales:

- In the non-resonant case the system exhibits linear properties; the perturbation
solutions are in good agreement with the numerical solutions;

- the cases of the primary resonances with and without the internal resonance have been
investigated; frequency-response curves have been obtained; the saturation phenomenon
has been demonstrated; the comparison of the analytical and numerical solutions has been
carried out.

* In the case of rigid magnetic materials the hysteresis has been taken into account by
means of the Bouc-Wen hysteretic model. Conditions for optimal control of the motion are
based on the instability regions obtained in the 'frequency-amplitude' of external excitation
parametric plane as well as on the amplitude level contours of vertical and horizontal
vibrations of the rotor. When the hysteretic dissipation is increased, the amplitude level is
decreased and resonance peaks correspond to regions with lower frequencies of the external
excitation.
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Qutline

« Hysteresis simulation and investigation of the control parameter planes
 Hysteresis simulation by means of internal variables

 Analytical models of
— hysteretic behaviour of magnetorheological/electrorheological fluids in a damper/absorber
— hysteresis in shape-memory alloys (superelastic behaviour of an NiTi polycrystalline helix)
— stress-strain hysteresis with transient processes

« Evolution of chaotic behaviour regions in various control parameter planes of the Masing and Bouc-Wen
hysteretic oscillators. Conditions for pinched hysteresis
— restraining and generating effect of the hysteretic dissipation on chaos occurring
— substantial influence of a hysteretic dissipation value on form and location of the chaotic regions
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HYSTERESIS SIMULATION AND INVESTIGATION
OF THE CONTROL PARAMETER PLANES

Mechanical system with elastic-plastic properties 3, = k,..x;(_l —Sgn(;;j..' —F _}— sgn(xy, )[1 +5gn(_}j..' ~F )] )
for hysteresis modelling (the Masing model) - ie.
y, =kx for|y)| < F v(y|=F Asgn(xy,)<0)

? : k” o y; =0 in all other cases
—VVVV ~ Wi |

ki & ;1_’: y 2 2

AAAA A sgn(y - F ) Lo —1 fory,” <F°, meRam>1

B : Fa o | 1 !

L — y. = kp{l——(1+ sgn(xy, )){L ]
A \— ! 2 Fi

]L, The output (or response) of hysteretic system is z(t):

X, Z are input and output
signals of the system

Y1, Y2, ..., Yn. are internal variables

2(2) = ko x)x(2) Z

[4 (€)=, + o, spm(2)sgnly ))\

A
v |l
: X

F(x)

where ko(x), Ai(X)>0, Fi(X)>0, X& [Xmin, Xmaxl, i, F€R;
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Z = p(x,- VisV sy Vi ]’
i

7. =qlx,%,v,) i=12u.,N.

The parameters of functions e, ¥,¥ e ¥y) and  ¢lr,%,3;) (=1, 2,.. .,N) are determined via a
procedure minimizing the criterion function

CI)(Cl,...,Cj yOLy 4oy Oy ,...,Bl,...,B,):
Z(p(x(cl""’cj ar )’ yl(all""ak ’ti)""’yN (Bl""’BI ’ti) )_ Z )2

which characterizes an error between the experimental curve and the calculated one. Here zi are
responses of a hysteretic system, which are known from an experiment and the values are obtained as
result of integration of the system, which is described by means of the analytical model.
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To solve the optimization problem

@c, yeresC 3 Oy yonesOly yonesfy pene By ) — min

the method of gradient descent is used. The step-by-step descent to the minimum of the
criterion function realises in the opposite direction to the criterion function gradient

grad® =-

- JEER Yy

[0 o0 00 o0 00 o0
]\ ¢, 6{:‘___. oa, cal '

—
[l
2
|
oo
el
Ly
) )
3|3
%
8
=
8
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Experimental (red/ - - o ) and simulated (blue/——) hysteresis loop
for the magnetorheological damper filled with MRF-132L.D
(applied current 0.15 A, frequency 5 Hz)

........ z(t) = y,(¢),

¥, = (e, = (e, + ¢, sgnlx)sgnly, )| |J¢

006 -003 000 003 006
Velocity [m /s] x10

Final values of the parameters used in the analytical model
for identification of the experimental data

C1 ‘ Co ‘ C3

70000 ‘ 80.7208 ‘ 3.002
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Force (N
[y]

Hysteresis in shape-memory alloys:
superelastic behaviour of an NiTi polycrystalline helix

Experimental/simulated hysteresis loop is red (o o o)/blue (

)

2(t) =, (xlt) = x, }+ es + 3, (1),

i, = e, tanhlx—x |~ (c, + c, sgn(x)sgn(y, )|y, |

6 1.8 20 2.2
Helixpitch (m m /turn)

Final values of the parameters used in the analytical model for
identification of the experimental data

C1 ‘ C2 ‘ C3 ‘ Cs ‘ Cs

82.8007 ‘ 0.926997 ‘ 3.33899 ‘ 6.17671 ‘ 4.88777
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Stress-strain hysteresis with transient processes
for the steel rope (stress (N) vs. strain (mm))

Experimental/simulated hysteresis loop is red (o o o)/blue (——)

15 o o e
4 2(6) = c.x(e) + e + 3,(0)
5 - ¥: = (e = (e, + ¢ sgnlx)sgnly, )y ¢
B _
B 2(t)= c,x(t)+ s + 3y (2),
10 4 V= {.C; ~ (e, + ¢, sgnlx)sgnly, —z, ”|J —Z, |h
15 - . - . - . . .
-12 -6 0 4] 12

X
Final values of the parameters used in the analytical model
for identification of the experimental data

C1 ‘ C2 ‘ C3 ‘ Cq ‘ Cs

2.22254 ‘0.0010226‘ 0.338787 ‘ 0.387749 ‘ 1.45286
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Scheme of Masing and Bouc-Wen hysteretic systems

N\ Fcostd
Q -— X
N 77
N [£&7 m
—il
N —1J
ﬁ AN LN NN
aa
Masing oscillator Bouc-Wen oscillator
xX=v, =y,
y=-=2my—(1-v)glx)-vz+FcosQxr j=—2ur—8c—(1-8)z+ Fcos Q1.
o g-[f =3 2=k, ~(y +Bsen(¥)sen(2) ' |-
1-6)x
glx)= =0k , &

Total restoring force with elastic part and hysteretic one:

R=(1-v)g(x)+1z R=6x + (1-0) z
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The influence of hysteretic dissipation on chaos occurring

Masing hysteretic oscillator Bouc-Wen hysteretic oscillator

1.8
- T 1
L]
1 3 1.8 Dobooosaoos | Gohoaoaosoood. | coocoo
]
= k] 1.2 ................................
S 0.8 =
— o — L]
- — OB AT e
= 0 & : ¥
- = -
= --_\_\": - T T e
hysteretic dissipation’
! . . . . . © increment
a.0 0.2 0 .4 0.6 0.8 1.0 j T j T j T j J j !
E‘."EIEI'E[iC :‘liaaipatien a.00 0.03 0 .0 8 a0.0%8 0.12 0.185
coefficient v b

€2=0.16, 1=0.0005, 6=0.05, n=10.0, €=0.2, 1=0, k,=0.5, y=0.3, /=0.005, n=1.0,
X(0)=0.1, «0)=0.1, z(0)=0 x(0)=0.1, x0)=0.1, z(0)=0
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Evolution of the chaotic regions (olive) and the regions of pinched hysteresis
(dark yellow — &//e<1%), (yellow — 1%<e/e<5%) for the Masing hysteresis model in the (Q2, F) plane
with increasing of the hysteretic dissipation value =0 —> 1=0.5 —> 1=0.8.
The parameters £#=0.0005, 6=0.05, n=10.0, x(O) 0.1, x0)=0.1, z(0)=0 are fixed for all cases

Zo =0 JUENL =
< < <
Freq;an-:}'.qﬂ'z Frequency 0 Freq;lan-:}'ﬂ
Evolution of the chaotic regions (blue) and the regions of pinched hysteresis
(dark yellow — &/e<1%), (yellow — 1%<e/e<5%) for the Masing hysteresis model in the («, F) plane
with increasing of the hysteretic dissipation value v=0 —> 1=0.5 —> 1=0.8.
The parameters 2=0.12, 6=0.05, n=10.0, x(0)=0.1, x(0)=0.1, z(0)=0 are fixed for all cases
j X j : T " ""“""""" alln j

5 0.20 0.25 0.05 0.10 0 .15 0.20 0.25

Damping coefficient p Damping coefficient p Damping coefficient p ® 5]



Phase portraits and hysteresis loops of the Masing hysteretic oscillator

in the case of chaotic response (2=0.12, F=1.27, 1=0.057, v=0.5);

in the case of periodic response (€2=0.6, F=0.9, £=0.0005, v=0.5).

>

In all cases the parameters 6=0.05, n=10.0, x(0)=0.1, x(0)=0.1, z(0)=0 are fixed.
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Evolution of the chaotic regions (pink) and the regions of pinched hysteresis
(dark yellow — &/e<1%), (yellow — 1%<e,/e<5%) for the Bouc-Wen oscillator in the (Q2, F) plane
with increasing of the hysteretic dissipation value 6=0.03 —> 6=0.01 —> 6=0.001
at k.=0.5, »=0.3, £=0.005, n=1.0, x(0)=0.1, x(0)=0.1, z(0)=0 and x=0.

i | z
P
R ;
Frequ;n-:}'fl Frequency O 1-'1'35111;2:1-:}'5':
Evolution of the chaotic regions (dark blue) and the regions of pinched hysteresis
(dark yellow — &/e<1%), (yellow — 1%<e/e<5%) for the Bouc-Wen oscillator in the (x, F) plane
with increasing of the hysteretic dissipation value 6=0.03 —> 6=0.01 —> 6=0.001
at k.=0.5, »=0.3, £=0.005, n=1.0, x(0)=0.1, x(0)=0.1, z(0)=0 and Q2=0.2.
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Phase portraits and hysteresis loops of the Bouc-Wen hysteretic oscillator

chaotic response
(€2=0.2, F=1.38, 1=0.0022, 5/=0.01)

periodic response
(©2=0.3, F=1, 1=0.0, /=0.001)

periodic response with pinched loop
(©Q=0.2, F=1, 1=0.0, 5=0.03)

In all cases the parameters k,=0.5, »=0.3, £=0.005, n=1.0, x(0)=0.1, x0)=0.1, z(0)=0 are fixed. 54



Conclusions |1

* hysteretic loops of various form are simulated by means of internal variables;

 the behaviour of magnetorheological/electrorheological fluids in a damper/absorber is simulated as well as
hysteresis in shape-memory alloys (superelastic behaviour of an NiTi polycrystalline helix) and stress-strain
hysteresis with transient processes;

 the developed models are effective, enable to produce minor loops, present fast numerical convergence and
provide a high degree of correspondence with experimental data;

* highly non-linear Masing and Bouc-Wen hysteretic models with discontinuous right-hand sides are investigated
using effective approach based on analysis of the wandering trajectories. This algorithm of quantifying regular and
chaotic dynamics is more simple and faster from a computational point of view comparing with standard
procedures and allows sufficiently accurate to trace regular/unregular responses of the hysteretic systems;

« the evolution of chaotic behaviour regions of oscillators with hysteresis is presented in various control parameter
spaces: in the damping coefficient — amplitude and in the frequency — amplitude of external periodic excitation
planes;

 substantial influence of a hysteretic dissipation value on possibility of chaotic behaviour occurring in the
systems with hysteresis is shown;

» the restraining and generating effect of the hysteretic dissipation on chaotic behaviour occurring are ascertained;
» the regions of pinched hysteresis with various dissipation properties are presented
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OQutline

1
» Quantifying smooth and non-smooth regular and chaotic dynamics based on analysis of the
wandering trajectories
» Analysis of the wandering trajectories
« Comparison with other approaches
« Chaos in the “smooth” test models
— Duffing equation
— Lorenz system
— three-well potential oscillator
» Chaos in the “non-smooth” models
— stick-slip chaotic oscillations in a quasi-autonomous mechanical system with Coulomb and viscous
friction
— Regular and chaotic behavior exhibited by coupled oscillators with friction
— Conditions for chaos occurring in self-excited 2-DOF Masing/Bouc-Wen/hybrid hysteretic systems
with friction

e Conclusions
e References
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Quantifying smooth and non-smooth regular and chaotic
dynamics based on the analysis of wandering trajectories

x=f(x) xe R”
x'% = X(ID] D(f)=RxR"

3C, € R max|x,(t)| = C, (=12 ... n).
)

1 .
A, ==|max x.(t)— min x.(t)
: A< v HEET

e

6Tl 7] (i=1,2 ... n).

Embedding theorem: S, (x)={XeR": p(x,X)<&jA P, . (x)={KeR":[x ~%|<&|
U
ve>0 3R, ,(x): P, . (X)=S,.(x).

, Ve=0 38=0 : (p(x(o),i(o))<5/\‘t‘£T) = p(x(t),X(t))<e.
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And conversely, VP, . (x) 3&>0 :S,(x)cP, . . (x).

0) (0 0
x, X% e Ps. 5, .5, (X( ))’

‘Xi(o) — ii(o)‘ <&, o<<Ai (i=L2...n).

chaotic motion (including transient and alternating chaos):

3t e, T ‘r({]—?({* =od, , 0<a<l (=1, 2, ... n).
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Domains of chaotic behavior for the Duffing equation:
(@) in the (w, f) plane (3=0.15, x(0)=0.1, %(0)=0.01);
(b) in the (3, f) plane («=1.7, x(0)=0.1, %(0)=0.01).

The smooth threshold corresponds to the homoclinic trajectory criterion.

. . 1 - o
.‘f—'j.‘u:—?.‘-:ll— x“|= fcosomt

4
" —
! 3

chlmon /2

ST 1) |
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The initial conditions phase plane for the Duffing equation
for different values of the amplitude of excitation
(»=0.15, =0.8): (a) f=0.08; (b) =0.009.
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The domains of chaotic vibrations for the Lorenz equations

X=0(y-x),
1V=px-y-xz
|2=xy-Bz

in the (B, p) plane (=10, x(0)=5, y(0)=5, z(0)=10).

The phase space of the initial conditions
(o =10, p=8/3, p=16).

(0)

“

® 62



Domains of chaotic behavior for the three-well potential system
X+ yx+ | — 1 |+ —1|= fcos ot

in the (@, f) plane (3=0.1, x(0)=0.5, x(0)=0.1). in the (y, f) plane («=0.73, x(0)=0.5, x(0)=0.1).

The part of (w, f) plane investigated by Li and Moon [1990] is in rectangle bounded by lines
( @=0.6, »=1.2, =0, f=0.16). Solid line in this rectangle corresponds to the homoclinic bifurcation
curve and dash line corresponds to the heteroclinic bifurcation curve. Li and Moon calculated also
100x100 Lyapunov exponents in this part of (o, f) plane.
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x(0)

The phase plane of the initial conditions for the three-well potential
system for the different values of the amplitude of excitation

(a) =0.04;

(=0.1, @=0.714):

(b) f=0.07.

x (0)
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The one-degree-of-freedom mechanical system with stick-slip oscillations.
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Domains of stick-slip chaos in the (v, y) plane
@=b=1a=p=T0o=0.3, =2, x(0) =1, v(0) =0.4).
The smooth chaotic threshold is obtained using Melnikov's technique.
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Phase portraits and Poincaré maps of chaotic trajectories
of the oscillator at v*=0.14, y=0.98

Phase portraits and Poincaré maps of trajectories
of the oscillator at v==0.1626, y=0.0845

dboosoacnoomoads — o000 cnoceo——0 0=

Phase portraits and Poincaré maps
of periodic trajectories of the oscillator

at v-=0.7, y=1.0
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Regular and chaotic behavior exhibited by coupled oscillators with friction

Analyzed 2-DOF model with friction. Dry and viscous friction model.
T
XQ (L‘ Tl
ks ks Tor |
m L + )
e - Tos \'_/E/
G_\) Tz ] fl’fﬂ_\) Yo i i N
= i \\:J T '..-"2-¥t '.-";t
z X
Vﬂ // <
n i =—kx —kx +iox + 1w )
h??i"l‘ =—ke, + i + 1w, ),

T,(w,) =Tysign w, — o, (T, Jw, + B(T;, Jw,
W, =V, —_1';__ (i:]., 2)
3 T 7.
o = ﬁ_— =7
' 4 ‘|.- —1|_\:__ __r
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Domains of chaotic (black) and stick-slip (gray) motion
of the first (a), (b) and the second (c), (d) oscillator
In sections of space (Vo, To1, To2): (2), (C) To2=5, (b), (d) To1=15.

| d)
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Phase portraits and Poincaré maps of chaotic trajectories
of the first and the second oscillator
for Vo:0.55, T01:23.5, Too=b5.

Phase portraits of regular trajectories
Vo:2.72, T01:15, T02=46.58.
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Autonomous coupled hysteretic oscillators under sliding friction.

Coupled Masing hysteretic oscillators under sliding friction

Friction model

XE fysteretic devices
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Evolution of the stick-slip chaos regions for the coupled Masing hysteretic oscillators
in the parametric plane (vo, To1) on the increase of the hysteretic dissipation o=0.2; a=0.5; a=0.8

TR f”‘ "'5;“ i ’nll

t".tu- 4

§ S
- ot the first Masing oscillator
A
S R—
the second Masing oscillator
Parameters of the system To,=3, £=0.001, £=0.0005, =6, =2, v, =4, v, =3, 6=0.05, n=10.0 are fixed
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Phase planes and hysteretic loops of both Masing hysteretic oscillators

4 4 4 4

at Vo:2.3, To1:17, T02:3, a=0.5

20 X 25 310 15 20 -

The parameters correspond to periodic motion of the oscillators
in accordance with the regions obtained

o

W

o]

at vo=0.75, Tp1=8, Tpx=3, =0.5

| B
B
| ]
3

The parameters correspond to chaotic behavior of the oscillators
In accordance with the regions obtained



Evolution of the stick-slip chaos regions for the coupled Masing hysteretic oscillators
In the parametric plane (vo, To2) on the increase of the hysteretic dissipation 0.=0.2; a=0.5; 0=0.8

9 g
15 4 :i;E’. . .+,+
rI: R - . -
Bt & h the first Masing oscillator

-”,,;Etr..:+ :r :w::.: ”: 1 : : : b : i + : : : : : : - -
i Lm0 2 g B o e #e =08 1 ¢ the second Masing oscillator

:
: i
:

parameters of the system To1=7, £=0.001, £=0.0005, =6, ¢=2, v, =4, v, =3, 6=0.05, n=10.0 are fixed
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Phase planes and hysteretic loops of both Masing hysteretic oscillators

]
1 |
T T T 1 T T
z 4 [ g Z
T

USHs e8]
(S

at vo=2.5, To1=7, To2=10, a=0.5

The parameters correspond
to periodic motion of the oscillators

at vo=0.5, To1=7, Tp2=10, =0.5

The parameters correspond

wﬂ "roT W * *° to chaotic behavior of the oscillators
we ]

| B
e

at Vo:3, T01:7, T02:15, a=0.5

The parameters correspond
to chaotic behavior of the oscillators

e Wm& - el I mﬁ? __Inaccordance with the regions obtained
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Autonomous coupled hysteretic oscillators under sliding friction.

Coupled Bouc-Wen hysteretic oscillators under sliding friction

Xz hysteretic devices

. ey )

;

/"57_! h .

- ":_‘”#" :

] c /
gy

e 1
—, e,
I |
l I | Tz Tl | |"/- |
\ -.____/- z.ll JI
——
Vo

Z = [;L —(y+Bsgnli,)sgnlz,)|z| ]\ i=12

-

Friction model

T
-
Toa [T777777 \/
Toz[ 7 \/
Vip i

O;lw —x )= Ty sgm vy — X ) — o T, Nvy — & ) + BT, Nvp — 3 )

3.?_ I_:.'
Lo B, =——
S TaE)
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Evolution of the stick-slip chaos regions for the coupled Bouc-Wen hysteretic oscillators
ion 6=0.8; 6=0.5; 6=0.2

the first
Bouc-Wen oscillator

T, X 107

the second
Bouc-Wen oscillator

Parameters of the system To>=0.02, £4=0.002, £=0.001, 4=1.5, v, =0.04, v, =0.03, k,=0.5, y=0.3, =5, n=1.0 are fixed
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Evolution of the stick-slip chaos regions for the coupled Bouc-Wen hysteretic oscillators
In the parametric plane (vo, To2) on the increase of the hysteretic dissipation 6=0.8; 5=0.5; 6=0.2

the first
Bouc-Wen oscillator

the second
Bouc-Wen oscillator

Parameters of the system To:=0.025, £=0.002, £=0.001, =1.5, Vv, =0.04, ¥, =0.03, k;=0.5, »=0.3, /=5, n=1 are fixed
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Phase planes and hysteretic loops of both Bouc-Wen hysteretic oscillators

vx 1ot

ﬂ
A
L) i L)

at Vo:0.02, T01:0.02, T02:0.02, o=0.2

14

xx 10° xx 10°

The parameters correspond to periodic motion of the oscillators
in accordance with the regions obtained

vox 0

x 10’

Z
!

at vo=0.007, To1=0.045, T¢2=0.02, 6=0.2

vox 1o’

zx 1o’

The parameters correspond to chaotic behavior of the oscillators
in accordance with the regions obtained
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Autonomous coupled hysteretic oscillators under sliding friction.

Coupled hybrid hysteretic oscillators under sliding friction Erictionit e
Xz T,i* ]
/J*'"? hz ....... /“Lf-;-—/ hi E Toa [T \‘//
e éffg/ m ﬁ—‘f{ / Toa [ ] \'_,/
=1 — s — —'—'r:l P27, Vi | ! B
N 7 w—d % % X;
( T2 T_?_ | |'{/f J /—-\
Vo

i+ 1[Ey (3 — )+ 8(x, —x,)+ (1 =8Nz, a3 — 218w )| = ©, (v, — ;) L v v s oy
2T : . b fReT T S - O;\w —x )= Ty sgm vy — X ) — o T, Nvy — & ) + BT, Nvp — 3 )

VZoom = [;L — [y +Bsgnl, )sgnlz, o |1zﬂ.|'lw;;, i=1,2

37, _ Iy
( = . .Y []I'__:—_‘_—" I?)_-— 3
G =g =, i=12 47 Hv)
g - |
glx)= [-1_’5-"""1 + 8x hysteretic devices h; and h, in the Masing's
1+|«" and in the Bouc-Wen's forms are

Lo ! ] S T “
helx.z.  1=1-ale |x |+ oz,

. L ] ' L L
Mgyl X.2; gy | =l + O,Z; 5w
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Evolution of the stick-slip chaos regions for the coupled hybrid hysteretic oscillators
In the parametric plane (vo, To1) on the increase of the hysteretic dissipation
a=0.2, 6=0.8; a=0.5, 6=0.5; a=0.8, 6=0.2

the second
hybrid oscillator

VX 10°

Parameters of the system Tp;=0.02, £4=0.002, £=0.001, 4=1.5, v, =0.04, ¥, =0.03,

k;=0.5, =0.3, =5, n=1.0, &m=0.05, nu=0.2 are fixed
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Evolution of the stick-slip chaos regions for the coupled hybrid hysteretic oscillators
In the parametric plane (vo, To2) on the increase of the hysteretic dissipation
a=0.2, 6=0.8; a=0.5, 6=0.5; a=0.8, 6=0.2

Toa% 107

T X 107

Parameters of the system To1=0.01, £&=0.002, £4=0.001, 4=1.5, v, =0.04, ¥, =0.03,
k;=0.5, »=0.3, /=5, n=1.0, ou=0.05, ny=0.2 are fixed

the first
hybrid oscillator

the second
hybrid oscillator
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Phase planes and hysteretic loops of the hybrid hysteretic oscillators

vx 10!

zx 10°

at vo=0.03, To1=0.06, T02=0.02, =0.5, 6=0.5

x:x 10° -

The parameters correspond to periodic motion of the oscillators
in accordance with the regions obtained

[
z,}{lf]“-'

at vo=0.004, T01=0.01, T0>=0.02, o=0.2, 6=0.8

- |'-\I
LJKIT

The parameters correspond to chaotic behavior of the oscillators
In accordance with the regions obtained
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Conclusions I

A numerical approach for quantifying regular and chaotic dynamics based on the analysis of wandering trajectories is presented.
This approach, in contrast to the standard numerical methods (including computations of Lyapunov exponents), is effective,
convenient to use, requires much less computational time in comparison with other approaches, and can be applied to the
Investigation of both “smooth” and “non-smooth” problems. Result’s comparison for the test models with other investigations
demonstrates a very good agreement with other groups.

« Chaos in the “smooth” test models

— Duffing equation. The domains of chaotic behavior agree well with the smooth threshold which corresponds to the homoclinic
trajectory criterion [Holmes 1979]. The domains also agree remarkably well with the results of the investigations based on the
calculation of the Lyapunov exponents, which was carried out using the Wolf's algorithm [Wolf at al. 1985, Moon 1987]

— Lorenz system. The results obtained conform well to the investigations and diagrams presented in [Moon, 1987]

— three-well potential oscillator. The domains of chaotic vibrations obtained are conforming to domains with positive
Lyapunov exponents presented by Li and Moon [1990]. Both in the case of two- and three-well potential systems the thresholds,
which are corresponding to the homoclinic and heteroclinic bifurcation curves, are undervalued.

» Chaos in the “non-smooth” models

— Conditions for stick-slip chaotic oscillations in a quasi-autonomous mechanical system with Coulomb and viscous friction
have been found. The results obtained show a good agreement between the analytical chaotic threshold constructed by means
Melnikov's technique and numerical simulation.

— Regular and chaotic behavior exhibited by coupled oscillators with friction were quantified.

— Conditions for chaos occurring in self-excited 2-DOF Masing/Bouc-Wen/hybrid hysteretic systems

with friction were found.
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Dynamics of two impacting beams with clearance nonlinearity

E(0)

beam 2

Impacting beams under harmonic excitation
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Governing equations of motion of two Euler-Bernoulli impacting beams

i 0*y1(xq, ) n 0%y1(xq,t) —0 . 0%y, (xz,t) + 0%y, (xy, ) — 0
: (’)x14 at? ’ ’ 6x24 ot? ’
boundary conditions:
9y, (0,t 0y,(0,t
y,(0,t) = 0, v, t)=0, 208 0, 9y2(0,) _ 0,
dxq dx,
AU 0%y, (1, t
M, (L4, t) = E1 L4 }’1(; ) =0, M, (1, t) = Ex 1, - ; ) =0,
axl axz
Impact phase out-of-contact phase
(inhomogeneous boundary conditions): (inhomogeneous boundary conditions):
93y, (I, t 93y, (1,, t %y t)
0.(ly, ) = E4 I, ya( : ) = E,I, y2( : ) + F(b), Q:(l3,t) = E1L4 — = F(),
axl axz X1
0%y, (15, t)
yl(lll t) = yz(lz, t) — A. QZ(IZJ t) = EZIZ azx ; = 0.
2
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Impact phase

(0]

Y100 8) = Y150, ) + ) Vi ()4 (0,

m=1 I
solution that satisfy time dependent
inhomogeneous BCs mode shapes coefficients

Y202,8) = Yas(2 ) + ) Yom(2)am (),
m=1

13E,L,A — I3F(t) 13E, ;A — IF(t)

y1s(xq, 8) = = (ef — 3lyx7), Vas(¥2, ) = 6 E L7 — E{ L5

(x5 — 3L,x3);
6 Ezlzlf - Ellllg

E Lik3 . (1 + coskypmlicoshky,l)(coshkyy,lysinky,ly, — coskyylysinhk, 1) +

E Lk3. (1 + coskyy,lycoshk,y,ly)(coshkyplysink ,l; — coskypylisinhky,l) = 0;

- — 2 . 2
Wim = Woam, Wim = alklm' Wom = aZkZm-
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Impact phase. Expressions for mode shapes and time dependent coefficients

sinky,l; + sinhkq,, 14

Yim = Ap |sinkyxq — sinhkq,xq + (coshkqmx; — coskymxq)|,

coskimly + coshki
y E k3, (1 + coskyplicoshki,ly) y

" E, 1L k3, (coskqymly + coshkimly)(1 + coskyplycoshkomly)
[(coskyp,l, + coshkyp, ) (sink,y,x, — sinhk,,x,) + (sink,,l; + sinhk,, L) (coshky,xo — coskymx,)];

YZm -

1 1 .
dm(t) = g, (0)cosw,,t + — ¢, (0)sinw,,t + w—J Y, (T)sin(t — 1)dr.
m Jo

(‘)m
ll l2
qm(0) = J P1A1Yo1(x1) Y (x1)dxq —J P242Y02(x2)Yom (x2)dx, + 1P, (0)
0 0
ll l2
qm(0) = f P1A1Y01(x1) Y1 (x1)dxq —j 0242502 (%2) Yo (x2)dx, + 1, (0)
0 0
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Natural frequencies of the vibrating beams in the in-contact phase w{,;, = Wy,
= w,, and in the out-of-contact phase w,, w,, (M=1,2,...,10)

Natural frequency x10
w
1
@

1 2 3 4 5 6 7 8 9 10
Number of mode
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Normalized in-contact mode shapes (a) Y, (X;) of the 15t vibrating cantilever

beam; (b) Y,,.(X,) of the 2" vibrating cantilever beam (m=1,2,...,10)

(a) (b)

mode 1, = = mode 2, —-— mode 3, ----- mode 4, —--—= mode 5 ——mode 1, = — mode 2, —-— mode 3, ----- mode 4, —---mode 5
—————— mode 6, ---'--mode 7, --------mode 8, ------ mode 9, ------mode 10 ~-----mode 6, -----mode 7, ------mode 8, ------ mode 9, -~~~ mode 10
3 ]

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
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Out-of-contact phase. Expressions for mode shapes and time dependent coefficients
cos(k;,l;)cosh(ki,l;)) +1=0;i=1,2

y1(x1,t) = y1(xg,8) + z Yin(x1)qn(t), Vo (xy,t) = z Yon(x2)qn(t),
n=1 m=1

Yis(Xp) = —F(©) Blyxf — x3)/6 Eq 1y, Yo5(X:1)=0;

sink;,l; + sinhk;, 14

Yy, = Ay [sinkinxl — sinhk;,x; + (coshk;px; — coskinxl)] ;=12

cosk;,l; + coshk;, 4

1 1 L.
Chn(t) = q1n (O)Coswlnt + - d1in (O)Sinwlnt + n j lpln (T)Sin(t — T)dT;
inJo

in

1
an(t) = QZn(O)COS(UZnt + w_QZn(O)Sinwznt .

2n
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Out-of-contact phase. Initial conditions for time dependent coefficients expressions

L1

q1n(0) = J p141Y01(x1) Y1 (x1)dx1 + YP15,(0)
0

L1

q1n(0) = j p14101 (1) Y1 (1) dxy + 1P1,(0)

0
L

q2n(0) = f P2A2Y02(x2)Yon (x2)dx;

0
Iy

G2n(0) = j P2A2Y02(x2) Vo5 (x2)dx,
0
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Normalized out-of-contact mode shapes Y, (X;), Y5, (X,) of the 1t and of the 2

vibrating cantilever beams (m=1,2,...,10)

mode 1, — — mode 2, —-— mode 3, ----- mode 4, —--— mode 5
------ mode 6, ------mode 7, ------mode 8, ------ mode 9, -------mode 10
1.0 1
’?\I 0.5_
2
>_N
< 0.04
R
JF
-0.5 1
-1.0 1
g 1 y T | 1 LS I Y 1
0.0 0.2 0.4 0.6 0.8 1.0
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Switching between phases

out-of-contact phase ——  impact phase transition

d
yZ(ZZJ t) _yl(l]_; t) - Al a(yZ(IZJ t) _yl(lll t)) 2 O;

Impact phase ——  out-of-contact phase transition

dP(t) 03y, (13, t)
dt

P(t) =0,
X1

<0, where P(t) = E1I; P I F(t).
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Characterizing beams collisions

time spans that correspond to the impact phases

during period of simulation [0, T]
tr (t]) it impact start (end) time
C.. — _L2i " Vi coefficient of restitution calculated for all impact
Rk — ot phases [ti,t;], (i = 1,2,..,N) as the ratio of the
i=12,..,N relative velocity after collision to the relative
velocity before collision
+ _ 9y1(xat) velocity of the 15t beam tip at the i impact start
1i ot Dy =1, t=t} (end) time
- ayl(let)
= ot x]_:ll,t:ti_
+ _ 0y20x2.t) velocity of the 2" beam tip at the i impact start
2i ot lx,=1,t=t} (end) time
= ayZ(xZIt)
2l ot x2=l2,t=ti_
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Beam deflections surfaces depending on time and the lengths:

(b) y,(x,,t) for the second beam
at A=0.0005, w=40, 1,=0.1, 1,=0.12, 6,= 6,=0.0, A=0.000011, At=0.0001, 0<t<0.07

(a) y,(x,t) for the first beam;

Beam deflection
0.00003

2.520E-05
1.836E-05

0.00002 1.152E-05
0.00001 4.680E-06
-2.160E-06

000000 -9.000E-06

= _0.00001 -1.584E-05
-2.268E-05

.0.00002

-2.952E-05

.0.0000% -3.636E-05
5,00004 -4.320E-05

(b)

K

~0.000005
-0.000010
-0.000015 7]
-0.000020 7]

0.000010
0.000005 -
0.000000 -

.0.000025 7
-0.000030 7]

.0.000035 7

o =
oo

Beam deflection

1.040E-05
6.080E-06
1.760E-06
-2.560E-06
-6.880E-06
-1.120E-05
-1.652E-05
-1.984E-05
-2.416E-05
-2.848E-05

-3.280E-05

®98



Example 1: Beams deflections y;(l;,t), y.(l5,1)-A
at A=0.001, w=50, 1,=0.1, 1,=0.12, 6,= 0,=0.0, A=0.000011, At=0.00001, 0<t<0.6

----- Y (LA
0.0002

5

e
JV £ o
>? \ iu j 1
= l"" 3 i A Al { |
oy 4 I P g R PH
- v opan d PR i [
— I W | 3 s iy “ ! ! .1‘4 d
= i BN WA 1 e 8
% JAVF ! : .
> i AT Y s O
it * i
s i
i
¥

T T T T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.6
t
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Example 1: (a) Coefficient of restitution Cr of impacting beams;

(b) Impact-induced force Q; (c) phase planes
at A=0.001, w=50, 1,=0.1, 1,=0.12, 6:= 9,=0.0, A=0.000011, At=0.00001, 0<t<0.6

(a) : (b)

1
44 i 0.005
1
.I | “
o 24 's\ | y O 0.000-
\ .
\ iy /) - | l !
] N 1 ALY -
0- ——\ W | 4 -0.005 ‘ |
i i &\"\J |
-2 T T T T T T 1 -0.010 T T T T T - v T v 1
0.0 0.1 0.2 03 0.4 05 0.6 0.0 0.1 0.2 0.3 0.4 05 0.6
t t

(©) (©)

104 10

277
A
7%

=

-/

104

-10

-20

-20

T Y ' T 3 x 7 T p 1
-0.0002 0.0000 0.0002 -0.0002 -0.0001 0.0000 0.0001 0.0002
Y Y,
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Example 2: No beam impacts during the first period of the external excitation.

Beams deflections y;(l4,t), y,(l,,t)-A
at A=0.00013, w=50, 1,=0.1, 1,=0.12, 6,= 0,=0.0, A=0.000011, At=0.00001, 0<t<0.6

0.00004

0.00002

-0.00002

-0.00004 : : , . , . , . | :
0.0 0.1 0.2 0.3 0.4 05 0.6
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(a)

Example 2: (a) Coefficient of restitution Cr of impacting beams;
(b) Impact-induced force Q; (c) phase planes

6
."q|
4 =1
|I I[
i
2 ) S o > "
| I]\ \\ \ A "l
1 ( \ ) !
o TN PN
NN
X
| -
-2 o
-4
-8 1
i T 1
0.0 0.1 0.2 0.3 04 0.5 0.6
t
4
24
VIR
0 RN
NIRANY N
2 N
4 : .
-0.00004 -0.00002 0.00000 0.00002 0.00004
Y

(b) 0.0010

0.0005
0.0000
-0.0005

-0.0010

at A=0.00013, w=50, 1,=0.1, 1,=0.12, 6,= 6,=0.0, A=0.000011, At=0.00001, 0<t<0.6

T
0.2 0.3 04

T 1
0.5 0.6

t
(©) ;
24 \
™
5 r\l LN
s § J
\
-2 \
o \
-0.00004 -0.00002 0.00000 0.00002 0.00004
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Example 3: Clearance between beams is equal to zero

Beams deflections y;(11,t), y,(I5,1)-A
at A=0.002, w=60, 1,=0.1, 1,=0.12, §,= §,=0.0, A=0.0, At=0.00001, 0<t<0.6

0.0004

0.0000 M A

y1(l1!t)7 y2(,2,t)‘A

-0.0004

0.0 0.1 0.2 0.3 0.4 0.5 0.6
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Example 3: (a) Coefficient of restitution Cr of impacting beams;

(b) Impact-induced force Q; (c) phase planes
at A=0.002, w=60, 1,=0.1, 1,=0.12, 5;= 5,=0.0, A=0.0, At=0.00001, 0<t<0.6

(7)) —
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Chaotic motion (a) of the 15t and (b) of the 2" impacting beam; Nearby trajectories
y,(I1,t) and y,(1,,t) diverge exponentially; J, is the initial uplift at the free end
at A=0.001, »=50, 1,=0.1, 1,=0.12, 6,=0 and 6,=10-, §,=0.0, A=0.000011, At=0.00001, 0<t<0.8

(a)

(b)

v,

0.0002

0.0001

0.0000

-0.0001

-0.0002

0.0002

0.0001

0.0000

-0.0001

-0.0002

-0.0003

5,0

0.3

0.4

0.5

T
0.6

T
0.7

0.8

P

qg ’fie‘:.-;\: I 8

0.3

0.4

0.5

T
0.7

0.8
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Time before impact start as function of (a) frequency and amplitude of external
excitation (w, F); (b) clearance and amplitude of external excitation (A, F); (C)
frequency of external excitation and clearance (w,A)

0.0005

0.0004

0.0003

0.0002

0.0001

time before impact start

0.1000
0.08750
- 0.07500

— 0.06250
' 0.05000
- 0.03750

— 0.02500

0.01250

0.000

0.0000

0.0010

time before impact start

0.0008

0.0006

0.0004

0.0002

0.0000 T T f
0.00000 0.00005 0.00010

(b)

0.00015

0.1000

0.08750

 0.07500

- 0.06250

0.05000

—0.03750

-+ 0.02500

0.01250

0.00010

0.00008

0.00006

~

0.00004 4 (£
0.00002 {{ £

0.00000

time before impact start

0.2000

0.1750

- 0.1500

- 0.1250

0.1000

- 0.07500

- 0.05000
0.02500

0.000
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Conclusions 1V

The analytical solutions, describing the transient dynamics of two impacting beams
with clearance nonlinearity, were obtained in the form of eigenfunctions series with
time dependent coefficients;

Several examples were considered for various set of parameters;

Transient dynamics surfaces, time histories of beams deflections, impact forces,
coefficients of restitution as well as phase planes were presented,;

Chaotic behavior of the beams was ascertained on the base of sensitive dependence
of the trajectories of motion on the initial conditions;

Time before impact start level contours were obtained in various control parameter
planes (o, F), (A, F) and (w, A);

Solutions obtained allow to construct long term vibrations of the impacting beams.
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